On positive linear maps preserving invertibility  by Choi, M-D. et al.
JOURNAL OF FUNCTIONAL ANALYSIS 59, 462469 (1984) 
On Positive Linear Maps Preserving Invertibility* 
M-D. CHOI 
University of Toronto, Toronto MSS lA1, Canada 
D. HADWIN AND E. NORDGREN 
University of New Hampshire, Durham, New Hampshire 03824 
H. RADJAVI 
Dalhousie University Halifax, Nova Scotia, B3H 4H8, Canada 
AND 
P. ROSENTHAL 
University of Toronto, Toronto M5S lA1, Canada 
Communicated by C. Foias 
Received June 5, 1983 
THEOREM: A positive linear map 4 between two C*-algebras is a Jordan 
homomorphism if d preserves invertibility and the range of ) is a C*-algebra. A 
counterexample is given for the case that the range of Q is not assumed to be a C*- 
algebra; this answers a question raised by B. Russo (Proc. Amer. Math. Sot. 17 
(1966) 1019-1022). 0 1984 Academic Press, IIIC. 
Let & be a unital ‘GF*-algebra and 4 a unital self-adjoint linear map of s&’ 
into some %?**-algebra 9’. Assume that &A) is invertible whenever A is 
invertible. (Then, since positive elements are self-adjoint elements with 
nonnegative spectrum, 4 is positive and consequently [24, Corollary 21 has 
norm 1). Russo [23] raised the question whether these hypotheses imply that 
4 is a Jordan homomorphism, (i.e., satisfies #(A*) = (d(A))2 for all self- 
adjoint A). Russo [23] proved that this is so in the case where ~2 is a von 
Neumann algebra. In the case where Ycp is any unital F*-algebra and 9 is 
commutative, the result is included in a Banach algebra theorem due 
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independently to Gleason [9] and Kahane and Zelazko [ 171. Other related 
theorems are treated in [ 1, 21, and 231. 
Russo’s general question has apparently remained open. Our main result is 
a counterexample. In addition, we prove certain affirmative results: “two 
invertibility-preserving” unital positive maps are *-homomorphisms 
(Theorem 3) and Russo’s hypotheses imply 4 is a Jordan homomorphism if
the range of 4 is a @*-algebra (Theorem 6). 
As Russo [23] observes, there is no loss of generality in assuming that & 
(but not 2!) is commutative. Then Jordan homomorphisms of &’ are *- 
homomorphisms. (Jordan homomorphisms are *-homomorphisms if either 
the domain or range is commutative. A Jordan homomorphism is the direct 
sum of a *-homomorphism and a x-homomorphism [14, 15,271 if its 
domain is a @*-algebra and its range is contained in .0(z).) 
Our counterexample involves Toeplitz operators. Let SY2 denote the usual 
$a2 of the unit circle, X2 the Hardy space consisting of all functions in Y* 
whose negative Fourier coefficients are 0, and P the orthogonal projection of 
P2 onto SP2. For h a bounded measurable function mapping the circle into 
the complex plane, the operator M, is defined on Y2 by Mhf= hf, and the 
Toeplitz operator T,, is the restriction of PM,, to 3’. 
We shall only need to consider continuous functions h; in this case o(T,J 
contains the range of h. In fact, work of Gohberg [lo], Krein [ 191, Widom 
[29,30], Devinatz [6], and others shows that, when h is continuous, a(TJ is 
the union of the range of h and the set of complex numbers il not in the 
range which have the property that the winding number of h with respect o 
,l is not 0. A good reference for this material is the book [7] of Douglas, 
where the result just mentioned is Corollary 7.28. An elegant proof of this 
result has also appeared in [ 11; and 31, pp. 197-2001. 
LEMMA A. If h is continuous then u(T,,) is the range of h together with 
those points not in the range with respect o which h has nonzero winding 
number. 
THEOREM 1. Let g be a nonconstant continuous real-valued function on 
the unit circle, let ~8’ = {M,,,: f is continuous on the range of g} be the F*- 
algebra of operators on .Y2 generated by M,, and let 4 be the mapping of d 
into 9(2?*) defined by q@4,,,) = Tfog. Then c@(A)) = a(A) for all A E JS’ 
(in particular, #(A) is invertible wherever A is), 4(l) = 1 = [l#lI, and # is a 
positive linear map. However, #(A’) = ($(A))’ and A = A* imply A is a 
multiple of 1. 
Proof. It is obvious that 4 is a unital positive linear mapping of norm 1. 
We show that equation u@(A)) = u(A) follows from Lemma A above. For if 
A is not in the range offog then the winding number off og with respect o A 
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is 0 (since, if the minimum of g is a, the map H(z, t) =f(ta + (1 - t) g(z)) of 
(z: IzI = 1) x [0, l] into C\{A} shows thatfog is homotopic, in C\{A}, to a 
constant function). Thus o(T’,,) is the range offog, or o(T’,,) = a(Mf,,,). 
To show that #(A*) = ($(A))* and A = A * implies A is a multiple of the 
identity we use the theorem of Brown & Halmos [2, 121 that states that the 
product of two Toeplitz operators is not a Toeplitz operator unless the first 
is co-analytic or the second is analytic. If Tfop is self-adjoint hen fig is real 
valued. For T;,,g to be a Toeplitz operator fog has to be analytic or co- 
analytic and real-valued, hence a constant. Thus Tfog is a multiple of the 
identity. 1 
The above counterexample can be imbedded in all abelian %Y*-algebras 
whose spectra have at least one nontrivial path component. 
THEOREM 2. If X is a compact Hausdorflspace containing a continuous 
injective image of [0, 11, then there exists a mapping 4: g(X) -+ Y&V*) 
that is linear, unital, positive, contractive, and invertibility-preserving but is 
not a Jordan homomorphism. 
Proof: Fix g a continuous mapping of {z: )z I= 1 } onto [0, 11, and fix a 
continuous injective mapping t: [0, 1 ] + X. Define a mapping 4 from V(%) 
into YW') by 4(f) = TfoTog where Tf,,., is the Toeplitz operator with 
symbol f 0 r o g. The proof given for Theorem 1 above applies without change 
to the present case. 1 
If “invertibility-preserving” is strengthened to “two-invertibility- 
preserving” then there is an affirmative result. 
THEOREM 3. If 4: ~4 -+ 9 is a unital seEf-adjoint linear map such 
that $ @ Id: XI’ @X2 -+ 23 @.A2 preserves invertibility, then Q is a 
*-homomorphism. 




d(A) -1 * = 
1 ( 
(w))z - W2) 0 
!m2) -fw> t&42) fw> -9(A) Yw) -W2) + (WN2 
is quasi-nilpotent, so ($(A))* - $(A*) ’ q is uasi-nilpotent. But (4(A))* - #(A ‘) 
is also Hermitian, so ($(A))* - #(A*) = 0. Thus 4 is a Jordan 
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homomorphism. Note that “invertibility-preserving” self-adjoint maps must 
be positive (since a positive element is a self-adjoint element with 
nonnegative spectrum), so 4 is “two-positive.” By a result of Choi [3, 
Corollary 3.21, two-positive Jordan homomorphisms are *-homomor- 
phisms. I 
The following theorem includes the case where S? is commutative 
(discussed above), the case where LS consists of finite-dimensional matrices 
(due to Marcus and Purves [21],) and the case where 9 is n-homogeneous. 
There is a more general result due to Aupetit [ 1, p. 301 (partly based on 
ideas of [25]); our proof is quite different. 
THEOREM 4. If 4: &’ + 9 is unital, self-adjoin& linear, and invertibility- 
preserving, and if 3 consists of n-normal operators, then 4 is a Jordan 
homomorphism. 
Proof. By a result of Russo and Dye [24], it suffices to show that #(A) is 
unitary whenever A is unitary. Now A unitary implies #(A) has norm 1 and 
spectrum contained in (z: Iz 1 = 1 }. But these conditions together with n- 
normality of $(A) imply that $(A) is unitary. One way to see this is as 
follows: #(A) n-normal implies that #(A) is unitarily equivalent to an 
operator in the upper triangular form 
B= > 
where the Bi are normal operators; (this was first proven by Foguel 181; 
other approaches are in [5 and 221). Then a(B) c {z: II]= 1) implies 
a(Bi) c {z: IzI = I} for all i, and Bi normal then implies Bi is unitary. Thus 
all the off-diagonal elements of B are 0 (since lIB I] < I), so B is unitary 
too. I 
For our next theorem we require two lemmas on spectra of linear 
combinations of Hermitian operators. The first lemma was partly suggested 
by a communication from Garth Dales. 
LEMMA B. If S and T are Hermitian operators such that o(T +,uS) is 
real for all complex numbers p, then S = 0. 
ProoJ: Define F: C\a(T)+S(Z) and h: C\a(T)-t [0, w) by 
F(A) = (T- A)-‘S and h(A) = the spectral radius of F(L). Then [ 1, p. 9; 271 
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h is a subharmonic function. Note that, for each A,, E C\lR and ,D E C, 
puF@,) + 1 = (T-L,)-’ (T+pS -A,) 
is invertible, since o(T + ,DS) is real. Thus cr(F@,)) = {O}; i.e., h(&) = 0 for 
each A0 E C\lR. If n is larger than ]] T]] f 1, then the subharmonicity of h 
implies 
h(n) < $ jZn h(n + ei”) de = 0, 
0 
so h(n) = 0; i.e., F(n) = (T- n)-‘S is quasi-nilpotent. However, 
(n - Ty* (F(n)) (n - T)-“2 = -(n - T)--1’2 S(n - T)-“2 
is Hermitian, and a Hermitian quasinilpotent is 0. Thus (n - T)-‘S = 0, so 
s=o. 1 
LEMMA C. Suppose that ,u is a complex number and S and T 
are operators satisfying 0 < S < T and o(T +,uS) c R U,uR. Then 
o(T + PUS) c R. 
Proof. Since every point of R U,uR is a boundary point, each element of 
u(T + ,uS) is an approximate igenvalue of T t +!?; (see, e.g., [ 12, problem 
63; or 22, Theorem 0.71). Let A E u(T+,aS) with I =pr, r E R. Choose a 
sequence {x,} of unit vectors such that 
Then 
{(TX,, x,,) t P(%, x,J - rur} + 0. 
If ,U is not real (which is all we need consider) then 
{PmxJl -to and 1 W,, x,1 I + r. 
But O<S<T and {(Tx,,x,)}-+O imply {(Sx,,x,)}-+O, so r=O. Thus 
k=pr=O, so u(Ttps)cR. 1 
These lemmas and results of Kadison [ 15, 161 show that invertibility- 
preserving self-adjoint linear maps have certain nice proporties (Theorem 5 
below) and are often Jordan homomorphisms (Theorem 6). 
THEOREM% If 0: rFp + 9 is a unital self-adjoint linear map between 
%7*-algebras d and 9, and if 0 preserves invertibility, then 
(i) for each B > 0 in d(J) there is an A > 0 in & such that $(A) = I?, 
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and 
(ii) the kernel of # is a closed ideal of xf. 
Proof. Let B > 0 with B = #(A ,). Then B = #(A *), where A, = 
@+A,*) is Hermitian. Write A,=A,-A, with A,>O, A,>!, and 
A,A, =A,A, = 0. Then B = #(A,) -@(Ad). Let T= #(A,) and S = #(Ad) (so 
T - S = B > 0); we must show that S = 0. The spectral inclusion property of 
4 implies that a(T + ,uS) = o($(A 3 + ,uA~)) c ~(4, + ,uI,) c iR U ,u[R for all 
complex ,u. By Lemmas B and C above, S = 0; thus B = T = #(A 3) and (i) is 
proven. 
To prove (ii) note first that the proof of (i) shows that #(A,) = 0 and 
A,=A3-A,, A,>O, A4>0, and A,A,=A,A, imply Q(A,)=#(A,)=O. 
Thus each operator in ker 4 is a linear combination of positive operators in 
ker 4. To show that ker $ is an ideal, then, it suffices to show that A > 0 and 
@(A) = 0 imply that @(AX) = @(X4) = 0 for all Hermitian X. 
Fix such an A and X. Since IIA/I A > A*, #(A) = 0 implies (since Q is 
positive) that #(A*) = 0. Now Kadison’s inequality [ 16, Theorem 1 ] implies 
#((A f ~9’) > @(A f W)* 
for all E > 0. Then #(A*) = $(A) = 0 yields 
*#(AX + XA) + @(X2) > e@(X))* 
for all E > 0. Thus #(AX+ XA) = 0. Hence (#(AX))* = -Q(AX). But 
o(d(AX)) c a(AX) c u(A 1’2XA”2) U {O} c R, so #(AX) = 0 = @(XA). The 
kernel of 4 is therefore an ideal; the continuity of # shows that it is 
closed. I 
THEOREM 6. A unital surjective self-adjoint linear map between g*- 
algebras that preserves invertibility is a Jordan homomorphism. 
Proof. Let 4: &’ + 9 be such a map. Then, by part (ii) of Theorem 5 
above, ker 4 is a closed ideal of &. Let g = d/ker 0; then 4 induces the 
positive bijective linear map 6 GY + 9 defined by $(A + ker 0) =$(A). By 
part (i) of Theorem 5, (6) ’ is also positive. A result of Kadison [ 151 
implies that F is a Jordan isomorphism. Thus 4, the composition of the 
natural quotient map and 6, is a Jordan homomorphism. 1 
There are two natural questions that we have been unable to answer. 
(a) Russo [23, Theorem 21 showed that invertibility-preserving 
positive unital linear maps are Jordan homomorphisms if the domain algebra 
contains enough projections so that each self-adjoint element can be approx- 
imated by linear combinations of spectral projections in the algebra. In the 
case of V(X), Russo’s proof implies that invertibility-preserving positive 
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unital linear maps must be *-homomorphisms if X is totally disconnected. 
On the other hand, Theorem 2 above shows that this is not the case unless 
X is “totally path disconnected.” What is the necessary and sufficient 
condition on X that forces invertibility-preserving positive unital linear 
maps of V(X) to be *-homomorphisms ? Note that there are uncountable 
connected subsets of the plane that contain no nontrivial arcs (see [20, 
pp. 206-71 and references given there.) 
(b) Fix a Hermitian operator A and let P be a self-adjoint projection. 
We can ask: if a(Pp(A) ( (PH)) cp(a(A)) for all complex polynomials p, 
does it follow that AP = PA? In general, as Theorem 1 above shows, the 
answer is negative. The answer is positive in certain cases, including that 
where o(A) is totally disconnected. We have been unable to answer the 
question in the case where A is multiplication by the independent variable on 
LP(0, 1). 
Additional Note. A positive linear map satisfying the conditions (i)-(ii) 
of Theorem 5 is also called an order-homomorphism in the literature. 
Stormer kindly informed us that there are some relevant results about order- 
homomorphisms in his paper [26, Sect. 61. In particular, Theorem 5 plus 
Stormer’s work yield Theorem 6 immediately. 
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